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An exponential sum y can be specified by giving the coefficients b, ¢ of the
corresponding initial value problem (D" + ¢,D"* + - + ¢, )y = 0, D7) =
b;,j = 1, 2,..., n. We discuss some of the topological properties of this parametric
form, noting that the associated tangential manifold does not suffer a “loss of
dimension® when the exponential parameters are allowed to coalesce. Using this
representation, we formulate a first order necessary condition which may often be
used to characterize a local best L -approximation to a given fe L,[0,1], 1 <
P < oo, from the set V,(S). A sufficient condition is also given, and the use and
limitations of the theorems are illustrated by means of several carefully chosen
examples.

1. INTRODUCTION

Given b = (by, b, ..., 5,;) and ¢ = (¢y, ¢y 5..., ) from C?, we define
Y.(b, c) to be the solution of the initial value problem

(Dn 4 Can—l+ w4 CHAID—,L—C,”) y(t)—':O, 0 <X 13 (])
Diip(0) = b, , ji=12,..,n 2

When y satisfies (1) but does not satisfy any such equation of lower order,
we say that y is an exponential sum with order n. We shall let P,(c) denote
the polynomial corresponding to the differential operator in (1) and define

A,(¢) = {AeC: )Ais a root of P,(c)}. €)
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In [6] we have shown that each fe L,[0, 1] (1 < p < ) has a best || |-
approximation from the set

Va(S) = {Y,(b, c):b,ce C?, A,(c) CS}, n=12,..

provided that S C C is closed. In this paper we shall discuss the parametri-
zation of V,(C) suggested by (1) and (2) and then formulate necessary
conditions and sufficient conditions which may often be used to recognize
such a best approximation. By specializing these results we shall obtain the
previously known characterization theorems of Rice [8] and Braess [2].

2. THE PARAMETRIZATION Y, (b, ¢)

In the formulation of characterization theorems or in the actual
construction of best approximations to a given f it is useful to have some
means to parametrically represent each y € V,(C). For example, we might
write y in the form

L n;
yO) =3 Y agtitexpQP), mtnmt+-cdm=k<n (4
i=1 j=1
as is done by Rice [8], in the form
J/(f) = Z dJ‘ Ai*l()‘l s )\2 seens A_’I) CXp(}\t) (5)
j=1

(where 47-1(), , A, ,..., A)) is the (j — 1)th order divided difference operator
with respect to A at the points A , Az ,..., A;) as is done by Braess [3}, in the
form

y(t) = @n(b, A t),
where % (b, 2) is the solution of the initial value problem
{D— 2D —A) = (D — A} y(t) = 0 ©
DYy =b;, j=12,..,n

as is done in [6], or in the form

() = Yo, c;t),

where Y,(b, ¢) is defined by means of the initial value problem of (1) and (2).
The conventional form (4) is convenient when the parameters A, are held
fixed, but it is not at all convenient when these parameters are allowed to
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coalesce in which case / (and thus the whole form of (4)) is altered. The
remaining three forms provide continuous mappings from the euclidean
space C?* onto the || [|,- normed space V,(C) with Y (b, ¢) also providing a
mapping from R?* onto the corresponding set V,"(C) of real valued
exponential sums. When one constrains the exponential parameters
AL, Ag ey A, (e.8., by requiring them to be real) the use of either (5) or (6)
may be desirable with the form (5) allowing one to cast the problem
in a form suitable for the theory of y-polynomial approximation, cf.
Hobby and Rice [5] and de Boor [1]. 1t will be noted that the choice
of the linear parameters d in (5) is dependent upon the way the corre-
sponding exponential parameters A, are ordered into a vector A while this is
no longer the case for the linear parameters b appearing in (6). Moreover, the
parametetric form Y, (b, ¢) eliminates this ordering problem altogether by
replacing the exponential parameters by the components of ¢ which are
the first » elementary symmetric functions of the ;. Hence, Y, (b, ¢) is a
natural parametric form to use when some of the A; are complex so that no
natural ordering is possible.

Given y € V,(C) we may uniquely determine b using (2), but the differential
operator of (1) which annihilates y (and, therefore, ¢) is uniquely determined
if and only if y has full order n. Thus, the parametrization Y, (b, ¢) fails to
provide a homeomorphism between C* and V,(C). By restricting our
consideration to those exponential sums which have full order, however, we
obtain the following result.

THEOREM 1. Let the mapping
Y, :C" — V,(C) by (b,¢) > Y, (b, ) )
be defined by means of the initial value problem (1) and (2), and let
Fop = Y1V, 4(C)}

(with Vy(C) denoting the set whose only element is the zero function in the
event n = 1.) Then F,, is a nowhere dense closed subset of C**, and the
restriction

Yn : C2n\F2n g n(C)\ Vn~1(C) (8)

of (7) to C*\F,,, is a continuously differentiable homeomorphism provided C*"
has the usual topology and V,(C) has the topology induced by any one of the
| fly-norms, 1 << p <C oo,

Proof. From the definition of (7) in terms of the initial value problem
(1) and (2) it is clear that (7) is continuously differentiable and that the
restriction (8) is a bijection. Next, for any given y e V, (C\V,_4(C) there
exists a best || ||,-approximation, y,, from V,_,(C) (cf. [6, Theorem 2]) so

640/9/2-6
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that V,(C\V,_,(C) contains the open ball of radius {|y — y,|| which is
centered at y. It follows that V,,_;(C) is a closed subset of V,(C) and that F,,
(the inverse image of ¥,_,(C) under the continuous mapping (7)) is a closed
subset of C2". Moreover, the closed set F,, can contain no open ball in
C?* (since by slightly perturbing the initial conditions b one can insure
that Y,(b, ¢) has full order n) and, therefore, F,, is nowhere dense. It
remains to be shown that the inverse of (8) is continuous.

Accordingly, let Y,(b,¢), Y,(b,,¢c), v=1,2,... be chosen in such a
manner that each has full order » and that

Hm [Ya(b, €) — Yo(b, , ¢,), = 0. ©)

We must show that this implies that {(b,, ¢,)} converges to (b, ¢) in C**,

As a first step, we shall show that {c,} is bounded. Indeed, if this is not the
case, then the corresponding sequence of spectral sets {/1,(c,)} is unbounded
so that (after passing to a subsequence, if necessary) we may obtain the
decomposition

Yn(bv s cv) =u, + v, + w,, V= 1, 2,...,

where {v,} is a sequence from ¥, ,(C) which || ||,- converges to some
veV,(C) and where {u}, {w,} are U, W-sequences, respectively, from
V,.(C), cf. [6, Section 3]. Together with (9) and [6, Lemma 2-iv] this gives
0 = hm ” U, + v, + w, — Y‘n(b> c)”q)
= hm ” u, + v + w, — Yn(b’ C)”p
2 “ v— Yn(ba c)”p )
which implies that Y, (b, ¢) € V,_;(C) contrary to hypothesis. Thus, {c,} is
bounded.
Now since {¢,} is bounded, the corresponding sequence of spectral sets is
also bounded, and together with (9) and [6, Lemma 1] this implies that {b,}
is also bounded. Hence, some subsequence of {(b,, ¢,)} is convergent. Let

(b*, c*) denote the limit of this subsequence (which we shall continue to
call {(b,, ¢,)}.) By using (9) and the continuity of (7) we find

| Yu®*, e*) — Yo(b, o), = lim || Ya(b, , ¢,) — You(b, c)ll, = O
and since (8) is a bijection this implies that (b*, ¢*) = (b,¢). O
COROLLARY 1. The further restriction
Y, : R*Fy, — P, (O\V;_o(C) (10)

of (8) is also a continuously differentiable homeomorphism.
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Unfortunately, there is no “ideal” parametrization for the class of expo-
nential sums, i.e., there is no homeomorphism from C?* onto V,(C). Indeed,
since C** is locally compact while V,(C) is not, no such homeomorphism
can exist [4, p. 238-239]. (To see that V,(C) with the | |,- norm is not locally
compact, we note that any || ||,- neighborhood of the zero function in V,(C)
contains @ U-sequence which contains no convergent subsequence.) Never-
theless, as b, ¢ vary over suitably small open balls with centers at by, ¢,
respectively, in C* we see from Theorem 1 that Y,(b, ¢) varies over some
neighborhood of y, = Y,(by,¢y) in V,(C) provided y, has full order ».
When y, does not have full order, however, we cannot explore a neighborhood
of y,in V,(C) so simply, and, indeed, we do not have any means of reasonably
describing such a neighborhood in terms of any presently known parametric
form. (Similar observations have been made by Rice [8, p. 152] and de Boor
(1, p. 182])

Given b, ¢, b*, ¢* € C* we define

T 7] 7]
* oK) . S ko _—
hn(b’ C, b ) C ) — gl bz abz + cz aci Yn(b’ C), (11)
and we refer to the set
H,b, ¢) = {h,(, ¢, b*, c*): b*, c*, € C*} (12)

as the tangential manifold of y = Y,(b, ¢) with respect to the parameters
b, ¢. Clearly H,(b, ¢) is a linear space with dimension at most 2n which
contains the #-dimensional space

La(€) = {h(b, c, b*, 0): b* € C"} 13)

of solutions of (1). A useful alternative description of H, (b, ¢) is provided
by the following lemma.

Lemma 1. Let b, c € C* and assume that the exponential sumy = Y (b, ¢)
has order k. Let A, Xy ..., A, be the essential exponential parameters of y so
that

. ) _ 1 l:f k:O,
GOED =D 0 -2 DX i k=1

is the lowest order monic differential operator which annihilates y. Then the
linear space H,(b, ¢) given by (12) has dimension n + k with

H,(b, ¢) = {h: Qn(b, c; D) Py(c; D) h = 0} (14)
(where P,(c; D) is again the differential operator of (1).)
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Progf. If y = Yu(b,¢c) and h = h,(b, ¢, b*, ¢*) then by using (1), (2),
and (11) we find that # satisfies the initial value problem

Pc; DYK(D) = — ¥ e*Dmip(r), 0<t<]1, as)
i=1
DiFp(0) = b*,  j=1,2,.,n (16)

and, hence, vanishes identically if and only if the driving term on the right
side of (15) and the initial conditions of (16) both vanish, But by hypothesis y
has order & and, therefore, the functions Di-ly, j = 1, 2,...,, n span a linear
space of dimension k. Hence, from (15) and (16) we conclude that H (b, c)
has dimension #n + k. Finally, from (15) and the definition of Q, , we find
that H,(b, c) is contained within the » -+ k& dimensional kernel of the
differential operator Q. (b, ¢; D) P,(c, D) so that (14) holds. []

The corresponding tangential manifolds which result when V,(C) is
parametrized by using the roots of P,(c), e.g. (4), (5), or (6), suffer a “loss of
dimension” (cf. [1, p. 182]) when some of these roots coalesce. Indeed, if
we let #,.(b, &) denote the solution of (6) and if we define

n

gn(bs A, b*a 7‘*) == z

=1

Gn(b’ )‘) = {g'n(b’ A, b*9 7‘*): b*’ A*e Cn}

d 0

.~ 0 . - —
bt gy A 5y

W (b, 2), 17

then by using arguments anajogous to those used in the proof of Lemma I
we obtain the following alternative description of the linear space G,(b, ).

LEMMA 2. Leth, A € C*, and assume that the exponential sumy = ¥ (b, X)
can be expressed in the form (4) with a,,, % O for each i = 1, 2,..., [ and with
AL, AL, A0 being distinct numbers selected from among the components of A.
Let

N if =0,

Rul®. 25 D) =D — A)D — A0 (D — A0 if [>1,
and let 0,()) € C* be defined in such a manner that the components of A are the
roots of P, (6,(N)). Then the linear space G,(b, N) given by (17) has dimension
n 4 I with

Gna(b,2) = {g: Ru(b, A; D) Py(e,(2); D) g = 0. [J
Using Lemmas 1 and 2 we see that the exponential sum

y(t) = texp(t) (18)
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from V,(C) has the four-dimensional tangential manifold
Hyby , ¢p) = {h: (D — 1)* h = 0} b, = (0, 1), ¢ =1(=21)

with respect to the parametrization of (1) and (2) while the corresponding
tangential manifold

Gobo, 20) ={g: (D — 1Pg =0}, b=(01, A=(D,

which results from any of the parametric forms (4), (5), or (6)is only three-
dimensional.

The use of the full dimensionality of Hy(b, , ¢;) may be restricted due to
some constraint we wish to impose upon the exponential parameters. For
example, suppose we wish to consider exponential sums which lie close to
the y of (18) and which continue to have real exponential parameters, A; , 4, .
We, thus, wish to find those b*, ¢* € C2 for which Y, (b + ab*, ¢ + ac*) lies
in V,(R) for all sufficiently small o > 0, or, equivalently, we wish to find ¢*
such that the roots of the corresponding auxiliary polynomial

Pyc + ac*; ) = X+ (aer* — 2) A + (acy* + 1)

are both real for all small « > 0. For this to be the case it is both necessary
and sufficient that ¢;*, ¢,* € R with ¢;* + ¢,* < 0. Thus, by constraining
the exponential parameters to lie in the set S = R we prohibit the full use
of the four-dimensional manifold Hy(b,, ¢,), but we certainly have more
freedom than would be the case if we only made use of the three-dimensional
manifold Gy(by, Ag) which results from the alternative parametrization
using (4), (5), or (6).

In an effort to deal with situations of this type we shall find it convenient
to introduce two new concepts. We define

K,(b, c, c*) = {h,(b, ¢, b* ac*): b* e C*, o« = 0} (19)

and refer to this subset of H,(b, ¢) as the tangential cone of Y,(b, c) at b, ¢
in the direction of ¢*. We note that

Lu(e) = Ku(b, ¢, 0),

Hyb,¢) = |} Kub,c, c*), (20)
cxeC”

Gab, ©) = (J Kalb, 0,(3), x,(2, %)),
A.*EC"

where o, is defined as in Lemma 2 and

Xn(A, A¥) = (dfdo) oA + aA¥)]oy -
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Next, we say that the exponential sum y is accessible through the cone
K, (b, ¢, c*) (with respect to V,(S)) provided y = Y (b, ¢) and there exists
some continuously differentiable arc

z:[0,1] — C»
with
Z(a) = ¢ + ac* + o(a) (21)
as a — 0 and with
A, (Zo)CS, O0<Lagl 22)

For example, when A,(c) is contained in the interior of S then Y, (b, c) is
accessible through each of the cones K, (b, ¢, ¢*), ¢* € C*. On the other hand,
when S = R we see from the previous discussion that the exponential sum
(18) is accessible through the cone Kb, ¢, c*) if and only if b = (0, 1),
¢ = (—2,1),and c* € R with ¢;* + ¢,* < 0.

3. First ORDER NECESSARY CONDITIONS

Using the notation and concepts just introduced we shall formulate a first
order necessary condition which every local best || [|,- approximation to
a given f must satisfy. In so doing we first prepare two lemmas.

LemMMA 3. Letl < p < oo andlet €, he L,[0, 1]. Let D,le, h)] be defined
such that

1
f Tle, h; ¢] dt ifp=1,
0

4511[5’ h} = Il e H;—p J: | ()P~ Tle, h; t] dt fl<p< OO’(23)

}iﬁ esssup{T[e, h; t]: | e(t)) = |l €l — &} if p = o,
when || €, > O (with @,[0, h] = || h||,) where

O if () =0,
Tl ks 1= \Raity ) <) () 2 0 24)

(with the bar denoting the complex conjugate). Then
e+ ahll, =€, + aP,le, h] + o(x) (25

as « decreases to zero through positive values.
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Proof. Wemayassume| €l,,|| A], > 0. When1 < p < oo the Lebesgue
dominated convergence theorem [11, p. 89] may be used to show that

lim oMl e 4 ohllf —ll e} = pll el @,le, A)
from which (25) follows. When p = oo we define

EB = {t € [09 1]: [ €(t)| > ” € Hm - 8}, 8 > 07
r(8) = essg, sup Releh],
noting that r(8) monotonically decreases to some limit, #(0+), as & — 0.
Setting B = 2« || 4 ||,, we find
el 4 20r(0+) — 2| h |2 = ;231 essg, sup{| € |2 4- 2a Re[éh] — o2 | A |2}
< gilg}_ €essg, sup | € + ok |?
<lle+ b
= esSp, Sup | € + ah |?
<€l + 2ar(B) + o® | AR
so that
le+ ah|? = | el + 2ar(0+) + o(x)

from which (25) follows upon taking square roots. []

LemMma 4. Let A, Ay ,..., A, be real numbers, let @y C™(a, B) be real
valued, let

=D —2) Po > @ = (D — )‘2) Proeees P = (D — /\n) Pr—1 >

and assume that @, has m > n zeros in (o, B). Then @, has at least m — v real
zeros in (a, B), v = 1,2,...,n. In particular, if y € V,(R) has n real zeros,
then y = Q.

Proof. cf. Pélya-Szegb [7, p. 40, #18].

THEOREM 2. Let the exponential sum y, = Y,(b, ¢) be accessible through
the tangential cone K (b, ¢, ¢*) with respect to V,(S), let fe L,[0, 1], and let
€ = [ — v, . Then a necessary condition for y, to be a local best || || ,-approxi-
mation to f from V,(S) is that y, be a best || ||,-approximation to f from
K, (b, ¢, c*), and, in particular, that

@,le, —h] =0 (26)
Jor each h € K,(b, c, c*).
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Proof. Let he K, (b, ¢, c*) be chosen. From the definitions (11) and (19)
it follows that for some b* € C*, oy, = 0 we have

h = h,(b, c,b 4+ b*, a,c*)
= hn(b9 C, b*a OLOC*) + hn(b, c, b’ 0)
= h,(b, ¢, b*, ae*) + ¥,
and that (after rescaling ¢*, if necessary) we may assume «, = 1. Moreover,
since the local best || || ,-approximation y, is accessible through K, (b, ¢, c¢*)

we may find a smooth are z satisfying (21) and (22) so that for all sufficiently
small « > 0 we have

1S = Yolly <Uf— Yulb + ab*, ()],
= |f — Ya(b, 2(0)) — ahy(b, c, b*, c*)|l, + ox)
= [[f — Yo — alh — po)ll, + oe)
= |[(1 — )(f = yo) + of — A, + o(e)
SUf=Dolly + A — Al — 1f — yolls} + 0(a).

Hence, || f — yoll, < IIf— hll, so that y, is a best || || ,-approximation to
f from K,(b, ¢, c¢*). Finally, using Lemma 3 and the fact that y, is a local
best || ||,-approximation to f from K,(b, ¢, ¢*) we find

1f=Yolls < If—yo— ohtlly
= lf = »olls + a@,[e, —h] + o(a)

for all sufficiently small « > 0 from which (26) follows. []

COROLLARY 1. Let the exponential sum y, = Y (b,c) be a local best
Il ||,~approximation to f from V,(S), let € = f— y,, and assume || €|, > 0.
Then for each h in the n-dimensional manifold L,(c) we have

J

€

J

€

inf lim esssup Re{f - A(t) (r)/| ()} > 0 if p=o. (27)

[8f=1 80+ |€|=lelln—8

LOro] e(t)ldt|< Lolh(t)ldt if p=1,  (27a)

MO e®) e()P2dt =0 if 1 <p < oo, (27b)
#0

If in addition each element of /,(c) is an interior point of S, then (27) also holds
for each h in the n -+ k-dimensional manifold H (b, c) (wWhere k < n is the
order of y,.)
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Proof. We shall first consider the case where p = 1. Since y, is accessible
through the (degenerate) cone K,(b, ¢, 0) = L, (c) the inequality (26) or
equivalently the inequality

Re | O @ <] di < [

€=

L A(0)l dt (28)

must hold for each 4 € L,(¢). But since L,(c) is a linear space, (28) must also
hold whenever /4 is replaced by 8/ where 8 € C with | 8 | = 1. By appropriately
choosing & we obtain (27a).

Suppose in addition that A,(c) is contained in the interior of S. Then y,
is accessible through every cone K,(b, ¢, ¢¥*), ¢* € C, and, in view of (20) and
the theorem, this implies that (28) must hold for every s e H,(b, ¢). Since
H,b, ¢) is also a linear space this implies as before that (27a) holds
for each / € H (b, ¢). Hence, the proof is complete for the case p = 1.

Analogous considerations apply in the cases where 1 << p < o and
p=©. [J

COROLLARY 2. Let 1 < p < o0, let y, be a local best || || ,-approximation
to f from Vo(S) with || f — yoll, > 0, and assume that S possesses some finite
accumulation point, i.e., that 8 contains some convergent sequence A, , A, ,...
with A; 5= A; for i 5= j. In the case where p = 1 assume in addition that
f(@) 5= yo(t) holds for almost all t. Then y, has full order n.

Proof. We shall first show that the corollary holds when # = 1. Indeed,
if the zero function is a local best || || ,-approximation to f from V(S) then
from Corollary 1 we see that

[ 1@ T® 0y ds = 0 (29)

holds for each y € ¥,(S). This being the case, (29) also holds whenever y is
a linear combination of terms from V;(S), and in particular whenever y may
be expressed in the form

t_
0

t Lt 1 m
90 = exp@) [ [" o [ exp |3 Oy = s 1 diy dty -+ iy
i=1

for some v = 1, 2,... and some m = 1, 2,.... Thus, if A is the limit of the
sequence {A,}, we see that (29) holds whenever

W(t) = exp(Af) f: fo L fo b dt, dty -+ dt,,

= exp(At) - t™/m!



184 KAMMLER

for some m = 1, 2,.... Finally, (29) must also hold for all linear combinations
of such terms, i.e., whenever

¥(t) = exp(Ar) - P(t) (30)

for some polynomial P. Using (29) and the Holder inequality we find

1A= [ 171 - =

1

<[P af " ]
= IfEt =y,

must hold whenever y has the form (30) and, hence, || f|l, = 0. Thus, the
corollary holds when n = 1.

The extension to n = 2, 3,... is now immediate. Indeed, if y, eV, 4(S)
and || f— »sll, > 0, then the zero function cannot be a local best || ||,-
approximation to f — y, from V,(S), and, hence, y, cannot be a local best
Il ll-approximation to f from V,(S). O

The mild requirement that S have a finite accumulation point cannot be
relaxed, e.g. the zero function is the unique best || ||;-approximation to
f=1from Vy(S)when S = {v - 2mi:v = +1, £2,..}.

Somewhat different formulations and proofs of Corollary 2 for the case of
V,"(R) are given by Hobby and Rice [5, p. 99] and by de Boor [I, p. 179]
with the case p = 1 being left undecided. By examing the above proof we
see that when p = 1 and the zero function is a best || ||;-approximation to f,
then we cannot deduce that (29) holds for ail y € V,(S) without imposing the
additional hypothesis that f 5= 0 almost everywhere.

ExaMPLE 1. Let us define

and set
y(1) = a exp(An),
s = exp(| A 1/3).
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We then find

(If+yl11>L1/3lyldt+f/;3[f—lyl]dt+f2;lyldt

==+ [ yid

=1l + Q=+t +5+ 1] |7]dr
1l + (A3l

S

with equality holding throughout if and only if « = 0. Thus, the zero function
is the unique best || ||;-approximation to ffrom V,(C). [

l
l

=
=

The following example has been chosen to show that a best || ||,-approxi-
mation need not be unique and to show that the necessary conditions of
Theorem 2 and Corollaries 1 and 2 are not sufficient conditions to
characterize a local best || )},~approximation.

ExAMPLE 2. We define
f(@) = 90> — 90t + 16, 0<r«1

and first seek a best || |;-approximation to f from V,(R). If the exponential
sum

y(r) = aexp(Ar)
is a best || {;-approximation to f, then from (27b) we find

f: [f(t) — y(®)] exp(At) dt = 0

or equivalently

a= UO f(t) exp(Ar) dt% / 3 fo exp(2Ar) dtg. (31)
Using (31) and defining
Q) = If—»I3,
we find
H(A) = 46 — B(A/2)*/{(A/2)5 sinh(}/2) cosh(}/2)},
where

B(u) = (45 -+ 164%) sinh u — 45 u cosh u.



186 KAMMLER

It can be shown that )" vanishes only at the relative maximum of yrat A = 0
and at the absolute minima of i at A = 412.3064... so that

y.(t) = 0.00008931... exp(12.3064... 1),
y(t) =y, (1 -1

are the two best || |l;-approximations to f from Vy(R).
Suppose now that we seek a best || ||,-approximation to f from the larger
class V,(C). Taking

yO(t) = Y1(1,07 t) = 1’

we find find that (by the construction of f)

J, U© = rolde = [ 15O~ nol1de =0

so that y, is the unique best || |,-approximation to f from the tangential
manifold

Hy(1,0) = {h: D* = 0.

Thus, y, satisfies the necessary conditions of Theorem 2 and its accompanying
corollaries, but y, fails to be a best || |,-approximation to f from V,(R) and,
hence, from the larger set ¥;(C). Finally, we note that even in the larger class
V1(C) f has no unique best || |,~approximation. Indeed, since f(1) = f(t) =
f(1 — 1) we see that

yi(t) = aexp(n), yo(t) = @ exp(A?),
yi(t) = aexpd(d — )],  yt) = @ exp[A1 — 1)]

all |||j,-approximate f equally well, and when g, A 5= 0 at least two of these
four functions must be distinct. [

In the special case where fis a real valued continuous function, one might
attempt to characterize a best || ||.-approximation to f from V,"(S) in terms
of the number of alternations of the corresponding error curve, cf. [2; 8; 10,
Chapter 8]. Such a characterization can be made provided the exponential
parameters are real so that Lemma 4 can be utilized.

COROLLARY 3. Let the exponential sum y,€ V,"(S) be expressible in the
Jorm (4) with A’ e R and @i, # 0, i = 1,2,..., ], and let fe C[0, 1] be real
valued.

(a) If SC C and each \Q is an interior point of S with respect to the
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topology of C, then a necessary condition for y, to be a local best || ||-approxi-
mation to f from V,"(S) is that the error curve € = f — y, alternate at least
n - k times on [0, 1].

(b If SCR and each A is an interior point of S with respect to the
topology of R, then a necessary condition for y, to be such a local best || ||..-
approximation is that e alternate at least n 4 [ times on [0, 1].

Proof. Assuming that y, is a local best || |.-approximation to f from
V,"(S) and that each A,° is an interiror point of .S with respect to the topology
of C, we see from Corollary 1 that y, must be a best || ||,~approximation to
f from the n + k-dimensional real linear space H,’(b, ¢) whenever b, ¢ € R"
are chosen in such a manner that y, = Y,(b, ¢) with A(c) C R. But since
A(e) C R, we see from Lemmas 1 and 4 that any basis of the n + k-dimensional
real linear space H,"(b, ¢) forms a Haar system, and since y, is a best
| lo-approximation to f from H,’(b, ¢) it follows (cf. [9, Chapter 3]) that
f — y, alternates at least n -+ k times on [0, 1].

More generally, if we can only assume that each A, is an interior point
of § C R with respect to the topology of R, then arguments analogous to those
used in the proof of Corollary 1 can be used to show that y, must be a best
|l lo-approximation to f from the »n - /-dimensional real linear space
G,7(b, ) with the components of A being interior points of S. Again any
basis of G,’(b, A} forms a Haar system so that f — y, must alternate n -+ /
times on [0, 1]. []

By constraining the exponential parameters to be real, one loses k — /
degrees of freedom in the tangential manifold and this is reflected in the
weakened alternation requirement of Corollary 3 which was first pointed
out by Braess [2, p. 313]. That this condition cannot be strengthened to a
sufficient condition (e.g. as once suggested by Rice [8, p. 158]) may be seen
from the following generalization of an example originally suggested by
Braess [2, p. 315].

ExamprLE 3. Let
f@e)y =sin(zt +8), 0<r<1

(where B is a real parameter which we shall later specialize), let the kth order
exponential sum y be a local best || ||,-approximation to f from V,"(R),
and let A, < A, << --- << A, be the essential exponential parameters of y
with exactly / of these being distinct. Then if

D ={D—A)D —A) (D= A(f— )
= {D — /\1)(1) - )‘2) (D= A},
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we see that @ is a nontrivial linear combination of sin(z¢ + ) and cos(wt + B)
so that @ has at most one zero in (0, 1). Using Lemma 4, we conclude that
the error curve ¢ = f— y, has at most k 4 1 zeros in (0, 1) so that e
alternates at most £ 4~ 1 times on [0, 1]. On the other hand, from Corollary 3
above we see that € must alternate at least »n 4 [/ times. Hence, from the
inequalities 0 <</ <<k <n and n+ [ <k + 1 we conclude that either
n=1andk =/=0(.e.,y=0)orelse kK = nand/ = 1 so that y may be
parametrized in the form

y(@, A 1) = {ap + ayt + -+ + a, 1"} exp(At),

where A, g ,..., @,y are real and a,_; ¥ 0. Thus, for all » = 2 we have a
maximum degeneracy in the sense that all of the exponential parameters
coalesce. Moreover, since the error curve alternates exactly n 4 1 times
with k = nand !/ = 1 for n == 2 we see from Corollary 3 that no local best
Il llo-approximation to f from the larger class V,7(C) is found in V,,"(R).

In order to determine A, a we may proceed as follows. For each real A we
may use numerical methods to uniquely find the linear parameters a(A) which
make the error curve f — y(a(}), A) alternate at least » times. With a(?) thus
determined, we compute

and by numerically locating the local minima of ¢ find each local best
Il lo-approximation to f from V,"(R).
When 8 = 0 we find that

() = 0.5000...

Y5+ (t) = {0.2762... — 0.2839...£} exp(+3.5716... 1)
yom(t) = {—0.2762... -+ 10.1017... 1} exp(—3.5716... £)

yat(®) = {0.2072... — 0.4358... t + 0.2290... 3} exp(-+6.0790... t)
¥:%) = —0.0280... + 4.000... r — 4.0000... ¢
Yo (2) = {0.2072... — 9.7123... 4 100.0094... 12} exp(—6.0790... 1)

are the local best || ||l.-approximations to f from Vi"(R), V,'(R), Vi'(R),...
(with || €ll, = | (0)} in each case.) We thus see from this simple example
that a best || }.-approximation to a given f from V,(R) need not be unique
and need not alternate 2n times. Moreover, there may be a number of local
best || ||,-approximations which are not best || ||,-approximations. []
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4. A SUFFICIENT CONDITION

It has been observed that the first order necessary conditions of the previous
section fail to be sufficient to characterize a best || || ,-approximation. When
¥, has full order, we may obtain a sufficient condition by introducing a mild
hypothesis on the o(x) term of Lemma 3.

THEOREM 3. Let fe L,[0,1] with 1 <p < o0, let y, = Y,(b,¢) be
chosen from V,(S), let € = f— y,, and assume that yy has full order n. Let

o) = sup{| @Yy + ab*, ¢ + ac®)/da? |10 < |b* |, 1e*1 <1} (32)
be defined for o > 0 and assume that
liminf (1 € + ohll, — [ €|,/ > (12 limsup (@) (33)

holds for each h € H,(b, ¢) with| k||, > 0. Then y, is a local best || || ,~approxi-
mation to f from V,(S).

Proof. For each « > 0 we define
p(a) = a2 - min{]| € + alky(b, ¢, b*, ¥, — [l ell, : ¥, c¥)eK}, (34)
where
K={zeC max(|z;|,| 2y |y-ees | Zgn |) = 1}

The set K is compact, and this together with the continuity of 4, and the
hypothesis (33) implies that

plo) > (1/2) () (33

holds for all sufficiently small « > 0. This being the case we may use the
mean value theorem together with (32), (34), and (35) to see that for every
(b*, ¢*) e K and for sufficiently small « > 0 we have

I f— Yub — ab*, ¢ — ac*)|,
Z f = YuD, ©) + ohiy(b, ¢, b*, ¢*)ll, — p(a) o?/2
Z | el + o?lp(e) — (1/2) ()]
>l elly.
In view of the homeomorphism established by Theorem 1, this shows that y,
is a local best || [|,-approximation to f from V,(C) and, therefore, from V,(S)

aswell. [J
When p = oo the crutial hypothesis (33) may be simplified as follows.
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CorOLLARY 1. Let fe C[0, 1], let yy = Yu(b, c) be chosen from V,(S),
let € = f— ¥, , and assume that y, has full order n. Assume further that

min{Re e(1) A(1): | (t)] = |l €|} < O (36)

holds for every he Hy(b, ¢) with || hll, > O (i.e., assume that there is strict
inequality in the necessary condition of (27¢c).) Then y, is a local best || ||~
approximation to f from V,(S).

Proof. Let he H,(b, ¢) be chosen with | 2}, > 0. Using Lemma 3 and
the continuity of f together with (36) we find

Iigoi_nf a e — ahfle — ([ €lln]
= 1i£130i3f a~2[—a min{Re e(t) A(t): | €(t)] = || €} + 0(x)]

:+(}0

so that (33) holds. Thus, from the theorem we conclude that y, is a local
best || |l .-approximation to f from V,(S). [J

CorOLLARY 2. Let fe [0, 1] be real valued, let the nth order exponential
sum y, = Y,(b,¢) be chosen from V,”(SNR), and assume that A,(c) is
contained in the interior of S. Then a necessary and sufficient condition for y,
to be a local best || ||-approximation to f from V,7(S) is that the error curve
€ = f — y, alternate at least 2n times on [0, 1].

Proof. If € alternates at least 2n times on [0, 1] and if ~e H,"(b, ¢) is
chosen such that (36) fails to hold, then 4 has at least 2n zeros in [0, 1] and,
therefore, (since 4 € V,,(R)) we conclude from Lemma 4 that || A, = 0.
Hence, the sufficiency follows from Corollary 1 above. The necessity follows
from Corollary 3 of Theorem 2. [

Using Lemma 4 it can be shown (cf. [2, p. 313]) that a sufficient condition
for the kth order exponential sum y, to be a best || ||,-approximation to the
continuous real valued function f from V,"(R) is that the error curve
€ = f — y, alternate at least n + k times on [0, 1], and in view of Corollary 2
above one might possibly hope to obtain a similar sufficient condition which
would apply in the larger class V,,7(C). Unfortunately, the possession of an
alternant of any fixed length (no matter how long) is not a sufficient condition
to characterize a best || |j.-approximation to f from V,"(C) when n > 2. (We
note that this contradicts Rice [9, p. 62-63] where it is incorrectly stated
that ¥,7(C) 1s varisolvent under a suitable parametrization.) This is easily
seen from the following.
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EXAMPLE 4. We define

f(t) = cos(Nmt), 0<<r <1,

and seek a best || ||.-approximation to f from V,"(C). Since fe V,7(C), fis its
own best || ||,-approximation. We note, however, that if

y(t) = a - cos(Nmt)

for some real a = 1, then the error curve ¢ = f — y alternates exactly ¥
times on [0, 1]. Clearly, y fails to be even a local best || ||,-approximation to f
from V,7(C). [

REFERENCES

C. pE Boor, On the Approximation by y-polynomials, in *Approximations with Special
Emphasis on Spline Functions” (I. J. Schoenberg, Ed.), pp. 157-183, Academic Press,
New York, 1969.

. D. BraEgss, Approximation mit Exponentialsummen, Computing 2 (1967), 309-321.
. D. Braess, Uber die Vorzeichenstruktur der Exponentialsummen, J. Approximation

Theory 3 (1970), 101-113.

. J. Ducunbi, “Topology,” Allyn and Bacon, Boston, MA, 1966.
. C. R. Hosey anND J. R, RICE, Approximation from a curve of functions, Arch. Rat.

Mech. Anal. 27 (1967), 91-106.

. D. W. KamMMmLER, Existence of best approximations by sums of exponentials, J.

Approximation Theory 9 (1973), 78-90.

. G. PoLYA aNnp G. SzeGo, “Aufgaben und Lehrsatz aus der Analysis,” Band II,

Springer-Verlag, Berlin, 1954,

. J. R. Ricg, Chebyshev approximation by exponentials, J. Soc. Indust. Appl. Math.

10 (1962), 149-161.

. J. R. Ricg, “The Approximation of Functions,” Vol. I, Addison-Wesley, Reading,

MA, 1964.

. J. R. RIcE, “The Approximation of Functions,” Vol. II, Addison-Wesley, Reading,

MA, 1969.

. H. L. RovpEN, “Real Analysis,” Macmillan, New York, 1968.

640/9(2-7



